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Preface

The purpose of this document is to show you a few simple steps for imple-
menting the Friedman test using Excel!. The proposed solution is a based on
a user-friendly Excel macro program called Friedman-Test.xIsm, which requires
no installation at all and does all the work for you. It is provided in the form of
a stand-alone FExcel workbook that you may use to input your data, perform
your analysis, and save your results independently of the current configuration
of MS Office. The only requirement is to have MS Office installed under the
Windows operating system.

Section 1 provides a detailed description of the Excel solution proposed for
implementing the Friedman test along with the screenshots, and assumes that
you already possess a working knowledge of this statistical procedure. In case
you need a technical description of the statistical techniques that underly the
Friedman test, you will find it in section 2. In addition to describing the Fried-
man test, section 2 presents the advantage of showing the specific equations
that were programmed in the Excel VBA? program for interested readers. The
implementation of the Friedman test proposed here is practical, intuitive, and
easy to use. You use it by following specific and detailed instructions provided
in this document. This is the ideal solution for students and researchers using
the Friedman test occasionally.

Note that the purchased version of this document is almost identical to the
free version with one difference. The purchased version contains the following
two items not found in the free version:

» The actual Friedman-Test.xIsm workbook for performing the calculations,

» A complimentary PDF file of chapter 10 of my Statistics book®on the

!The proposed solution has been successfully tested with Excel 2007 and Excel 2010. I
expect it to work smoothly with Excel 2003, and perhaps with some older versions of Excel
as well

2VBA stands for Visual Basic for Applications, and is the programming language used
to automate various Excel tasks

3Gwet, K.L. (2011), The Practical Guide to Statistics: Basic Concepts, Methods and
Meaning. Application With MS FExcel, R, and OpenOffice Calc
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Analysis of Variance (ANOVA) and related tests such as the Kruskal-
Wallis and Friedman tests, or the ANOVA for dependent and inde-
pendent samples.

The 2 attachments to the purchased version of this document can be retrieved
by clicking on the paper clip picture at the bottom left side of the PDF file you
are reading. You may need to save them in a directory of your choice before
using them.

If you have comments or questions, do not hesitate to contact the author
using one of the following 2 methods:

E-Mail: info@advancedanalyticsllc.com

Mail: Advanced Analytics, LLC
PO BOX 2696
Gaithersburg, MD 20886-2696

Kilem Li Gwet, Ph.D.




The Friedman Test
Implementation with MS Excel

This section shows you step by step how to go from your input dataset
to the the Friedman test results, and their interpretation using MS Excel.
The proposed solution is compatible with the 2010, 2007, and 2003 versions
of Excel. The introductory section 1.1 provides a high-level overview of the
proposed Excel solution, while section 1.2 describes the output that you will
obtain after conducting the test. In section 1.3, you will see the specific steps
to follow for solving the problem.

1.1 Introduction

Excel itself does not implement the Friedman test. Even the “Data
Analysis ToolPak” add-in, which is the collection of data analysis tools that
comes with Excel does not offer a module for conducting the Friedman test.
That is why I developed the Friedman-Test.xlsm macro program as a convenient
tool for Excel users wanting to implement the Friedman test. Even non users
of Excel, who have access to Excel could use this proposed method with no
anticipated difficulty.

To illustrate how the Friedman-Test.xIsm macro program works, I will use
the data shown in Table 1.1. This table shows return rate data in a men’s
clothing store by salesperson and day of the week. The problem of interest
here is to test if the return rate depends on the day of the week, using the
daily return rates associated with the same group of 9 salespersons. Table 1.1
provides a limited amount of information on the daily return rates based a few
days and a few salespersons. This will result in a measure of return rate that
is subject to sampling error. That is why you must use a statistical test that
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- 2 - Section 1: Friedman Test with MS Excel

accounts for this error, before you can determine whether the return rate is
affected by the day of the week or not.

To compare these 4 days of the week with respect to their return rates, I
decided to use the Friedman test rather than the traditional ANOVA due to
the fact that the same sample of salespersons is used for all 4 days, and that
the conditions for using ANOVA for dependent samples were not met!.

Table 1.1: Return Rates of clothing in a men’s clothing store by salesperson
and day of the week

Salesperson
Day 1 2 3 4 5 6 7 8 9
Monday |28 59 33 44 17 38 66 3.1 0.0
Tuesday | 3.6 1.7 51 22 21 41 47 27 1.3
Wednesday | 1.4 0.9 1.1 3.2 0.8 1.5 28 14 0.5
Thursday (2.0 2.2 09 1.1 05 15 14 35 1.2

1.2 Output of the Friedman-Test.xlsm Macro

The Friedman-Test.xIsm macro will produce the results shown in Fi-
gures 1.1, 1.2, and 1.3 on the same Friedman(Output) worksheet. The first
output table of Figure 1.1 displays basic summary statistics computed from
the raw data of Table 1.1. The second output table of Figure 1.1 on the other
hand, displays the summary statistics based the ranks?, as well as the final
test results highlighted in yellow.

> The F, statistic is the Friedman test statistic without tie correction (see
sub-section 2.2 of section 2 for more details about the correction factor,
its purpose and its use)

> The tie-corrected F, statistic is what is typically used in most professio-
nal statistical packages.

> The significance level («) is a value you must supply.

! Actually some of the validity conditions associated with ANOVA for dependent samples
are quite difficult to verify. See Gwet, K. (2011) for a discussion of these conditions

2Note that the ranks are calculated separately for each salesperson (i.e. the subject, the
factor under investigation being the day), and the summary statistics produced for each day
(across salespersons).
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> The critical value is the threshold that must be exceeded by the test
statistic for the null hypothesis of equality in return rates across days
to be rejected. For this particular example, the adjusted and unadjusted
test statistics both exceed the critical value, leading to the rejection of the
null hypothesis

> The P-value. In this example, the p-value equals 1.96E-02, which is the
scientific notation for 1.96/10% = 1.96/100 = 0.0196. This quantity is
smaller than the significance level, which will also cause the rejection of
the null hypothesis. Friedman-Test.xIsm calculates the p-value based on
the tie-corrected test statistic.

A2 - £ |

. A | =B c D E F
1 Friedman Test - Executed on: 5/30/2011, at: 1:07:45 PM
2 |
3 Summary Statistics on Input Data
! Monday Tuesday ednesday Thursday
5 Count of Observations: 9 9 9 9
6 Sample Sum: 31.6 27.5 13.6 14.3
7 Sample Mean: | 3.511111 3.055556 1.511111 1.588889
8 Sample Standard Deviation: | 2.013979 1.367581 0.908307 0.886629
9
10 Summary Statistics on Ranks & Test Results
11 Monday Tuesday 'ednesday Thursday
12 Count of Observations: 9 9 9 9
13 Rank Sum: 28 29 15.5 17.5
14 Rank Average: | 3.111111 3.222222 1.722222 1.944444
15 Number of Tie Series: 35
16 Average Mumber of Ties by Series: | 1.028571
17 Fr-statistic (Unadjusted): | 9.766668
18 Fr-statistic (tie-Corrected): | 9.876407
19 Significance Level: 0.05
20 Critical Value: | 7.814728
21 P-value: | 1.96E-02

27

Figure 1.1. Results of the Friedman Test applied to Table 1.1 Data

The first output table on Figure 1.2 summarizes the pairwise comparisons,
also known as the post-hoc analysis. This analysis is conducted when the
null hypothesis of equality of means is rejected. Its objective is to identify
the specific pair or pairs of factors with a difference in rank sums that is
statistically significant, and which may have caused the rejection of the global
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null hypothesis®. This output table contains a threshold column showing the
number that must be exceeded by the rank sum difference before it is deemed
statistically significant.

The first 2 columns list the 2 factors being compared. The third column
contains the absolute value of the difference in rank sums between the two
factors, while the fourth column shows the threshold to be exceeded before
the absolute rank sum difference is deemed statistically significant. The last
column reports the statistical significance of the respective pairwise compari-
sons.

_ A | B c D E F G
22
23 Pairwise Comparisons
24 Abs Rank Statistical
25 Factorl Factor2 Sum Diff. ThresholdSignificance
26 Monday Tuesday 1 14.45033 no
27 Monday Wednesd: 12.5 14.45033 no
28 Monday Thursday 10.5 14.45033 no
29 Tuesday Wednesd; 13.5 14.45033 no
30 Tuesday Thursday 11.5 14.45033 no
31 Wednesdi Thursday 2 14.45033 no
32
33
34 Thresholds
35 Nb. of pairwise comparisons |2-sided 1-sided
36 i1 10.73517| 9.009234
37 2 12.27667| 10.73517
38 3 13.11237| 11.65578
39 4 13.6805( 12.27667
40 5 14.1084| 12.74193
41 6 14.45033| 13.11237
42

Figure 1.2. Ranks Associated with Table 1.1 Data

The threshold column of the “Pairwise Comparisons” table is based on a
maximum number of 6 pairwise comparisons. If you want to use fewer compa-
risons, you will need different thresholds that are supplied in the second and
last output table of Figure 1.2. For example, if all you want is compare Monday
and Wednesday to determine if the associated return rates are different (i.e. a
2-sided test), you use 10.73517 as threshold. To see if the Monday rate exceeds
the Wednesday’s (1-sided test), then you need to compute the raw rank sum

3Sub-section 2.3 of section 2 provides a mathematical description of the pairwise compa-
rison for interested readers
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difference (Monday-Wednesday = 28-15.5) from Figure 1.1, and compare it to
the 1-sided threshold 9.009234. If the difference exceeds that threshold, then
it will considered statistically significant.

Figure 1.3 shows the ranks associated with the 4 days (Monday, Tuesday,
Wednesday, and Thursday) in columns I through M. The Friedman-Test.xlsm
macro displays these ranks for you to see the data that went into the calculation
of the test statistic F,.

Ranks Associated with Input Data, by Factor
| Monday Tuesday ednesday Thursday

3 4 s 2
4 2 il 3
3 4 Z T
4 Z 3 i}
3 4 2 I
3 4 15 15
4 3 Z 1
3 2 i 4
i: 4 Z 3

Figure 1.3. Ranks Associated with Table 1.1 Data
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1.3 Using the Friedman-Test.xlsm Macro

‘ You need to open the Friedman-Test.xlsm Excel workbook atta-
ched to this PDF file. This is accomplished by clicking on the paper clip picture
at the bottom left side of the PDF file you are reading as shown in Figure 1.4.
For the first time that you open this workbook, you may get a security warning
message notifying you that some active content has been disabled. In this case,
you should Enable Content.

The Friedman

with MS Exc

Mame Medified

@j Friedman-Testadsm 5/30/2011 1:38:30 PM
7 Chapter10 ANOVA and Related... 5/29/2011 2:29:02 PM

Click on this paper clip
picture to see attchments

Description

m

o m m = a2 ef® = &
Figure 1.4. Opening the Friedman-Test.xIsm Workbook

‘ Once you open the workbook, you will see 4 worksheets named Fried-
man(Input), Friedman(Output), Sheetl, and Sheet2. Never change the names
of the first 2 worksheets Friedman(Input), and Friedman(Output) as this
will cause the program to stop working. However you can modify the names
Sheetl and Sheet2 or even add more worksheets as you like. The program will
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allow you to select the particular worksheet you like to work with after you
click on the “Friedman Test” gray button of Figure 1.5

@l ™ e B ! _i o riedma

m Home Insert Page Layout Formulas Data Review View Developer Ac

= S Record Macro A2 =l G o [%F Properties E T Map F
= j EUSE Relative References fod .,_;:.‘?:, x Llé Q}'JWEWCDdE . <4-“_->J'E:<r;|an
Visual Macros Add-Ins COM Insert Design Source ..
Basic £ Macro Security Add-Ins +  Mode H RunDialog "¢ Refres
Code Add-Ins Contrals
= - € £
| A 1 = 5 T Y = R R = T
1 | Person Monday Tuesday Wednesd:iThursday
2 1 2.8 3.6 1.4 2
3 2 5.9 1.7 0.9 2.2
al 3 3.3 5.1 11 0.9
5| a a4 2.2 3.2 11
6 5 1.7 21 0.8 0.5
7 6 3.8 41 15 1.5
8 7 6.6 4.7 2.8 1.4
9 8 3.1 2.7 1.4 3.5
10 9 o 1.3 0.5 1.2

Figure 1.5. Launching the Friedman-Test.xlsm Excel Macro

‘ To conduct the Friedman test, follow the instructions in the next 3
simple steps:

Launching the Friedman-Test.xlsm Excel Macro

Populate the K-W(Input) worksheet with the data that you want to ana-
lyze as shown in Figure 1.5. Then click the Friedman Test gray button
to launch the program. The program expects 3 columns of data or more.
You may use any worksheet in the Friedman-Test.xlsm workbook to cap-
ture your data, except Friedman(Output).

Fill out the Dialog Form

Launching the program will display the dialog form of Figure 1.6. (1)
Select the worksheet containing your input data from the Worksheets list
box control. (2) Click inside the “Input Range” RefEdit control with the
computer mouse. (3) Using the mouse, select all the data to be analyzed,
including column labels as shown in Figure 1.6. (4) Select the “Columns”
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radio button if your data is organized columnwise as in Figure 1.6, or
select the “Rows” radio button otherwise. (5) Select the “Labels in First
Row” checkboz if the first row in the selected range contains the labels.
If the first row contains numeric values to be analyzed, then leave that
box unchecked. (6) Specify the significance level of the test, if you have
one. Otherwise, a significance level of 0.05 will be considered by default.

! = 5|
7 R e e O 2 4
1 | Person EMondav Tuesday WEdnesdiThursdaybi
2| 4 2.8 3.6 1.4 2
3 2 5.9 1.7 0.9 2.25
| ]
4 3 3.3 5.1 1.1 0.9}
5| 4 | 34 2.2 3.2 1.1
e | —
& 5 \ | The Friedman Test. g
7| 6 E =
s ! : Worksheet:
| orksheets
9| & Input Range buty1ses1:sesiol |
el
St - Friedman{Output)
11| Sheetl Grouped By @ Columns
12 Sheet2
ET)  Rous
A4 ¥ Labels in First Row
15
15| Significance Level (alpha): | 0.05
17 |
18 Execute | Exit |
19 |
20|
21|
=

A

Figure 1.6. Completing the Friedman Dialog Form

Execute the Macro and Interpret the Results

After filling out the dialog form in step 2, you must click of the Exe-
cute button, and look at the results in the K-W(Output) worksheet. The
results will be similar to what is displayed in Figures 1.1, 1.2, and 1.3.




The Friedman Test Procedure

The Friedman test is typically used for comparing different values of a
population mean (or median) evaluated under different conditions, when the
number of conditions is 3 or more (these conditions are often seen as different
levels of the study factor). The experiment consists of taking measurements
from the same sample of subjects on 3 occasions or more under different condi-
tions. For example, you may want to evaluate the impact of surface type (e.g.
cement, clay, grass) on the performance of racing horses. You could then select
a sample of horses and test that same group on all 3 surfaces. The horses are
the sample subjects, while cement, clay, and grass are 3 levels of the surface
type factor being investigated. Since the data samples are dependent (because
based on the same subjects), neither ANOVA for independent samples nor
the Kruskal-Wallis test can be used. ANOVA for dependent samples might
not be applicable either if you are concerned about some of its many validity
conditions not being satisfied. The only option left will be the Friedman test.

For the sake of comparing 2 population means based on 2 dependent
samples, the Wilcoxon matched-pairs signed-rank test should be used. The
Friedman test discussed here is an extension of the Wilcoxon test to 3 de-
pendent samples or more. This statistical test, originally proposed Friedman
(1937), has been given several names in the literature. Some authors refer to
it as the “Friedman Two-Way Analysis of Variance by Ranks” due to the fact
that it is based on ranks rather than on the original raw data, and that the
subject and the measurement period are two factors (hence two-way) that af-
fect the magnitude of the measurements. Others have called this technique,
“Friedman’s test for randomized block experiment.” This terminology is borro-
wed from more advanced concepts in the study of ANOVA techniques that are
beyond the scope of this book. This test is also sometimes called the “Repeated
Measures ANOVA.”

-9 -



- ]_O - Section 2: The Friedman Test Procedure

2.1 Friedman Test Statistic

The Friedman test should normally be seen as a test of the equality of
population medians. However, if the underlying probability distributions are
symmetric, then testing population medians amounts to testing population
means. Even if the symmetric nature of the underlying distribution is unknown,
the test remains valid but only for testing population medians.

The primary goal in comparing three populations or more is to prove that
they are different. Therefore, you will naturally want to protect yourself against
the possibility of rejecting the hypothesis of homogeneity among the popula-
tions when in reality they are all the same. Consequently, if £ dependent
populations (or one population observed on k occasions) are being analyzed,
the test hypothesis! will be defined as follows:

Ho: pn = pia = -+ - i, (2.1)

where the symbol p represents the mean or the median depending on whether
the underlying distribution is symmetric or not. The alternative hypothesis is
defined as,

H.: Not all medians {1, - , ux} are equal . (2.2)

Test Statistic

I am assuming here that you have collected k observations for each of the
n subjects (or experimental conditions) in the study. In Table 2.1 for example,
you would have £ = 4 and n = 9. The Friedman’s test statistic, which I will
denote® by F, is obtained as follows:

(a) Rank all k observations in ascending order? from 1 to k separately for
each of the n subjects (or experimental conditions). If there are ties, then
the average of all ranks in a tie series is assigned to each score. Let r;; be
the rank associated with subject i and factor j. That is r;; may take any
value from 1 to k.

! This will be the “null” hypothesis in Fisher’s terminology for P-values.

2Note that this alternative hypothesis should not be formulated as Hg: pt1 # po # -+ - #
wr. This formulation is wrong because the null hypothesis must be rejected even if some
means are equal.

3This notation is formed with letter F for Friedman and r to indicate that the statistic
is based on ranks, and not on raw measurement scores.

4Ranking the observations in descending order will produce the exact same statistic.
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(b) Sum the ranks separately for each of the k& measurement periods (or
factor levels) across subjects. This operation will lead to k rank sums
ri1,- - ,Tak for all k factor levels.

(c) The test statistic is calculated as follows:

12 k - 2
F, = D) > 7y — (k+1)/2]". (2.3)

7=1

The law of probability of this test statistic is approximated by the chi-
square distribution with k& — 1 degrees of freedom. This approximation
is known to hold even for moderate values of n.

For the Friedman test, there is only one possible alternative hypothesis that
is formulated as shown in 2.2. Assuming that « is the test’s significance level,
and that ¢, is the 100(1 — )® percentile of the Chi-square distribution with
k — 1 degrees of freedom (¢, is also known as the critical value), the decision
rule is formulated as follows:

Reject Hg if Fyops) > o (2.4)

Validity Conditions

The conditions that must be satisfied to ensure the validity of the Friedman
test are very general and met most the times. Several authors such as Conover
(1980, 1999), Daniel (1990) have listed the following validity conditions:

» The sample of subjects being analyzed was randomly selected from the
population it represents. In practice, the subjects are not always selected
following a rigorous random selection protocol. The key aspect here is to
have a sample that is a reasonably good representation of the population.

» The analytic variable is a continuous variable. Again, the Friedman test
1s often used successfully in practice with discrete variables that take
numerous values.
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2.2 Tie Correction for the Friedman Test

If your dataset contains ties, then it is widely-accepted in the sta-
tistical community that the Friedman test statistic must be divided by a tie-
correction factor® C defined as follows:

T
>
C=1-"0 2.5

R (2.5)
where T is the total number of tie series, and ¢; is the number of tied scores
in the i series of ties. Table 2.1 for example contains a single series of ties
associated with salesperson 6. That series is {1.5, 1.5} and contains only 2 tied
scores. Consequently, 7' =1, t; = 2. Since n = 9, and k = 4, the tie-correction

factor C'is given by C' = (23 — 2)/(9(4 — 4)) = 0.98889.

Once the tie-correction factor C'is calculated, it can be used to compute
the tie-corrected Friedman test statistic as follows:

FF=F,/C. (2.6)

Although tie correction is recommended primarily when the number of ties is
excessive, it is nevertheless systematically implemented in several statistical
packages.

®The expression used for computing C (see equation 2.4) is based on a methodology
described in Daniel (1990) and Marascuilo and McSweeney (1977)
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2.3 Pairwise Comparisons

It follows from Figure 2.1 that the Friedman test led to the rejection
of the null hypothesis based on Table 2.1 data. This suggests that the return
rates is not uniform across days of the week, although there is no indication
as to which days are different and which are similar. You may want to know
whether the Wednesday return rate exceeds that of Tuesday for example. These
are the follow-up analyzes that are also known as post-hoc analyzes.

To conduct the post-hoc analyzes, you as researcher needs to first deter-
mine the number of pairwise analyzes that you are interested in. In the clothing
store return rate example, you may decide that you only want to know whether
the Wednesday return rate exceeds that of Tuesday (i.e. Hy: prws > firy). In
this case you will have a single pairwise comparison of interest. If you want to
compare Monday to Tuesday, Tuesday to Thursday, and Monday to Thursday
then you will have 3 pairwise comparisons. Let me assume that you are inter-
ested in ¢ pairwise comparisons. With ¢ comparisons come c decisions to be
made regarding the rejection or non-rejection of the different null hypotheses.
In the context of pairwise comparison, you commit a type I error if any hypo-
thesis in the family of ¢ null hypotheses, is erroneously rejected. Your problem
will then be to ensure that the probability of this special type I error does not
exceed a specified Familywise significance level a. This problem is resolved
by setting a Per Comparison significance level of ap. = a/c to be applied to
each individual pairwise comparison before deciding whether the associated
null hypothesis should be rejected or not.

If for example the Wednesday and Tuesday return rates must be compared,
then you must first compute the Wednesday and Tuesday rank sums RSy and
RS.y. If you are testing equality of the 2 return rates (i.e. the null hypothesis
of the 2-sided test), then you will reject it if the absolute difference |RSyy —
RSyy| exceeds the threshold d,\/nk(k + 1)/6, where d, be the 100(1 — ape/2)™
percentile of the standard Normal distribution. If on the other hand you are
testing the hypothesis that the Tuesday return rate equals or exceeds that
of Wednesday (i.e. the null hypothesis in the one-sided test) then you would
reject it if the difference RSy, — RSy exceeds d,+/nk(k + 1)/6 where d, be
the 100(1 — ape)™ percentile of the standard Normal dlstrlbutlon
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